I. INTRODUCTION
One of the most attractive features of current investigations in gauge theories is the remarkable unification of the gauge couplings of the standard model (SM) at the SUSY GUT scale, M U = 2 × 10
16 GeV, when extrapolated through the minimal supersymmetric standard model (MSSM) [1] . Although the nonsupersymmetric standard model (SM), or the two-Higgs doublet model (2HDM) do not answer the question of gauge hierarchy, unification of the gauge couplings is also possible at the corresponding GUT scales when they are embedded in nonSUSY theories like SO(10) and the symmetry breaking takes place in two steps with left-right models as intermediate gauge symmetries [2] . Grand unification of gauge couplings of the SM in single-step breakings of GUTs has also been observed when the grand desert contains additional scalar degrees of freedom [3] and the minimal example is a ξ (3, 0, 8) of SM contained in 75 ⊂ SU(5) or 210 ⊂ SO(10) with mass M ξ = 10 11 − 10
13
GeV [4] . Unification of gauge couplings in nonSUSY SO (10) has been demonstrated with relatively large GUT-threshold effects [5] . Yukawa coupling unification at the intermediate scale has also been observed in nonSUSY SO(10) with 2HDM as the weak scale effective gauge theory [6] . Apart from unity of forces at high scales, SM, 2HDM and MSSM have tremendous current importance as effective theories as they emerge from a large class of fundamental theories.
Recent experimental evidences in favour of neutrino masses and mixings have triggered an outburst of models many of which require running masses and mixings of quarks and charged-leptons at high scales as inputs for obtaining predictions in the neutrino sector [7] .
The running masses are not only essential at the weak scale, but they are also required at the intermediate and the GUT scales in order to testify theories based upon quarklepton unification with different Yukawa textures and for providing unified explanation of all fermion masses [8] [9] [10] [11] [12] . Quite recently extrapolation of running masses and couplings to high scales have been emphasized as an essential requirement for testing more fundamental theories [12] .
In a recent paper one of us (M.K.P) and Purkayastha [13] have obtained new analytic formulas and numerical estimations for the fermion masses at higher scales in MSSM including contributions of scale-dependent vacuum expectation values (VEVs) where the SUSY scale (M S ) was assumed to be close to the weak scale (M S ≈ M Z ). In this paper we extend such investigations to SM, 2HDM and MSSM with the SUSY scale M S ≥ O (TeV).
It is also possible that in a different renormalisation scheme, similar to that formulated by Sirlin et. al. [14] , the VEVs themselves do not run when they are expressed in terms of physical parameters defined on the mass shell. This makes it possible to avoid separate running of the VEVs and Yukawa couplings, but have just the fermion masses directly as running quantities. While it would be quite interesting to examine the consequences of such a scheme, the purpose of the present and the recent works [13] is to address the outcome of the most frequently exploited renormalisation scheme where the Yukawa couplings and the VEVs run separately [15] [16] [17] [18] [19] [20] [21] [22] [23] .
This paper is organised in the following manner. In Sec. II we cite examples where running VEVs have been exploited by a number of authors and state relevant renormalisation group equations (RGEs). In Sec. III we derive analytic formulas. In Sec. IV we show how the formulas derived earlier for MSSM are modified when M S ≫ M Z . Numerical predictions at higher scales are reported in Sec. V. Summary and conclusions are stated in Sec. VI.
II. RGES FOR COUPLINGS AND VACUUM EXPECTATION VALUES
After the pioneering discovery of b − τ unification at the nonSUSY SU(5) GUT scale [24] , a number of theoretical investigations have been made to examine the behaviour of Yukawa couplings and running masses at higher scales. Following the frequently exploited renormalisation scheme [15] [16] [17] [18] [19] [20] [21] [22] [23] where the Yukawa couplings and the VEVs run separately, the running Dirac mass of the fermion 'a' is defined as,
Then the running of M a (µ) is governed by the RGEs of Y a (µ) and v a (µ) both. To cite some examples, Grimus [21] has derived approximate analytic formulas in SM for all values of µ extending upto the nonSUSY SU(5) GUT scale utilising the corresponding scale-dependent VEV. In the discovery of fixed point of Yukawa couplings, Pendleton and Ross [22] have exploited the RGE of the SM Higgs VEV to derive the RGEs of the running masses from 
For the sake of simplicity we have neglected the Yukawa interactions of neutrinos. Assuming that the right-handed neutrinos are massive (M N > 10 13 GeV) our formulas are valid below 3.5) Defining the diagonal mass matricesM F , the diagonal Yukawa matrices (Ŷ F ) and the CKM matrix (V ) through biunitary transformations L F and R F on the left(right)-handed fermion 3.6) and following the procedures outlined in [13, 28] we obtain
We point out that in the corresponding RGEs for Yukawa couplings given by eq. (2.13) in
Ref. [28] , the terms
are missing from the R.H.S.
The diagonal elements of L † FL F (F = U, D, E) are made to vanish in the usual manner by diagonal phase multiplication. The nondiagonal elements of both sides of (3.7) give the same RGEs for CKM matrix elements as before which on integration yields [28, 29] ,
c(It(µ)+I b (µ)) , αβ = ub, cb, tb, ts
Taking diagonal elements of both sides of (3.7) and using dominance of Yukawa couplings of the third generation over the first two, except the charm quark, we obtain RGEs for the mass eigen values of quarks and leptons,
Integrating (3.9) and using the corresponding low-energy values, the new analytic formulas are obtained in the small mixing limit as 3.10) where
The ratio η f (f = u, d, c, s, b, e, µ, τ ) appearing in (3.10) is the QCD-QED rescaling factor for fermion mass m f .
Comparison with earlier and recent derivation of analytic formulas [30, 31] shows several differences. Whereas the top-quark Yukawa coupling integral in (3.12) has been predicted to affect the running of m u (µ) and m c (µ) our formulas predict no such dependence. Similarly, whereas the b-quark and the τ -lepton Yukawa coupling integrals have been predicted to affect the running charged-lepton masses m e (µ) and m µ (µ), our formulas predict no such contributions. Our formulas predict that in all the three cases, SM, 2HDM, or MSSM, the third generation Yukawa couplings do not affect the running masses of the first two generations in the small mixing limit. Also for the third generation running masses, the Yukawa coupling integrals occur in the exponential factors with different coefficients as compared to [30, 31] . The dependence on gauge couplings are also noted to be quite different in our analytic formulas. Whereas earlier derivation [30] predicted the occurrence of the exponents
i on the RHS of (3.11), our formulas predict the corresponding ex-
Thus, the new analytic formulas derived here at one-loop level predict substantially new dependence on gauge and Yukawa couplings for the running masses. Our formulas for the case of MSSM are the same as those obtained in [13] where the SUSY scale was taken as M S = m t . As derived in [13] for the MSSM, the formula for running tan β(µ) has also the same form also in the 2HDM at one-loop level.
In contrast, when running of VEVs are ignored, apart from the mass predictions being different, tan β is also predicted to be the same for all values of µ > M Z in 2HDM or MSSM [30, 31] .
IV. FORMULAS IN MSSM FOR M S > M Z
In the MSSM the natural SUSY scale (M S ) could be very different from the weak scale with M S ≈ O (TeV), whereas M S ≫ 1 TeV has gauge hierarchy problem. As our new contribution in MSSM in this paper, compared to [13] , we present new analytic formulas for all charged fermion masses for any SUSY scale M S > M Z by running them from m t − M S as in SM and then from M S − µ as in MSSM.
where 4.9) and I f (M S ) is defined through (3.12) with µ = M S . Running of the elements of the CKM matrix in the MSSM are modified by the following formulas
The one-loop formula for tan β(µ) in (3.13) is also modified,
The analytic formulas (4.1)-(5.1) hold good for any value of m t < M S < µ. It may be noted that in the limit of M S → m t , I f (M S ) → 0,Ĩ f (µ) → I f (µ) and the formulas (4.1)-(4.11) reduce to those obtained in [13] . It is to be noted that corresponding exponent in the expression B u in eq. (3.6) of ref. [13] should be corrected as .
V. NUMERICAL PREDICTIONS AT HIGHER SCALES
The analytic formulas given in the previous section predict masses and the CKM matrix elements upto one-loop level at higher scales. We have also estimated numerically the effect of scale dependent VEVs on predictions of the running masses at two-loop level. We solve
RGEs for the Yukawa matrices and VEVs including two loop contributions in SM and
MSSM [15] [16] [17] [18] [25] [26] [27] numerically and obtain the mass matrices at higher scales from the corresponding products of the two. For this purpose the elements of the CKM matrix at higher scales have been obtained by running them through one-loop RGEs given by (3.8) with appropriate values of the coefficient c given in (2.10)-(2.12) [28, 29] . In 2HDM we carry out all numerical estimations at one-loop level. We use the following inputs for the running masses 
For the sake of convince we have used δ = π/2 as in [32] . The choice of same inputs enables us to compare our results on mass predictions with those obtained with scale-independent assumption on the VEVs in SM and MSSM [32] . We neglect mixings among charged-leptons and use the diagonal basis for up-quarks. It is clear that the allowed region for tan β increases, although slowly, with increasing M S . In the 2HDM the allowed region for tan β is found to be substantially larger.
2HDM
1.2
We have noted that in all the three effective theories the difference between one-and two-loop estimation of running masses at the highest scale (M U ) varies between 1-5%, the lowest discrepancy being for the leptons and the highest being for the top-quark. But in MSSM and 2HDM this discrepancy increases to 10-12% for the b-and the top-quarks as the respective perturbative limits are approached.
The running VEVs in MSSM and 2HDM lead to variation of tan β(µ) as a function of µ over its initial value at M Z . This is shown in Fig. 9 for different input values where the dashed (solid) line represents the case for 2HDM (MSSM). In both the theories tan β(µ)
decreases ( Numerical values of predictions of the running masses are presented in Table. I for the SM at three different scales µ = 10 9 GeV, 10 13 GeV and 2×10 16 GeV. The two-loop contributions to the RG evolution of Yukawa couplings depends, although very weakly, upon the Higgs quartic couplings λ which is related to the Higgs mass (M H ) and VEV(v),
We have used the two-loop RGEs for λ(µ) for the SM [16] and evaluated the running masses and VEVs of Table. I for the input value of the Higgs mass M H = 250 GeV. Changing the Higgs mass in the allowed range of M H = 220 − 260 GeV [32] does not change the results of Table. I significantly. The uncertainties in the quantities are due to those in the running masses at µ = M Z . The mass matrices for M b (µ) and M u (µ) are modified by the factors
GeV and the CKM matrices at higher scales remain the same as in [32] . The computed values of masses are found to be less when compared to those obtained with scale-independent assumption [32] . This is clearly understood as the running VEV in the SM decreases with increasing µ. For example in the SM at µ = 2 × 10 16 GeV our predictions are (m u , m c , m t ) = (0.83 MeV, 242.6 MeV, 75.4 GeV) as compared to [32] (m u , m c , m t ) = (0.94 MeV, 272 MeV, 84 GeV) where the running effect on the VEV has been ignored. In Tables II-III MeV, 95.1 GeV). This is understood by noting that tan β ≈ 55 is closer to the perturbative limit for which the top-quark Yukawa coupling is larger. Similarly from Table. II we note nearly a 20% increase in the m b (M U ) with the increase of tan β from 10 − 55. Similar effects are also noted in 2HDM as can be seen from Table. III where m t decreases by nearly 7% as tan β increases from 10 − 55. For larger effect the increase has to be larger in tan β since the perturbative limit in this case is closer to tan β ≈ 69 as compared to the MSSM case where the limiting value is tan β ≈ 59.
VI. SUMMARY AND CONCLUSION
In the frequently exploited renormalisation scheme in gauge theories, the Yukawa couplings and VEVs in the SM, 2HDM and MSSM run separately [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . The effect of scale dependence of the VEVs has been ignored while deriving analytic formulas [28, 30, 31] and obtaining numerical predictions at higher scales for the running masses of fermions [32] , but appropriately taken into account more recently [13] . In this paper we have derived new analytic formulas in the SM and 2HDM and generalised the formulas of [13] GeV and 2 × 10 16 GeV in MSSM with SUSY scale M S = 1 TeV, using two-loop RG equations.
tan β(M S ) = 10 µ = 10 9 (GeV) µ = 10 13 (GeV) µ = 2 × 10 16 (GeV)
